An approach for the fast generation of a minimum-time, three-dimensional trajectory for a spacecraft propelled by a solar sail with reflection control devices (RCDs) is presented using the authors' previously proposed Bezier curve-based shaping approach. In this approach, the time variation of the position components of the spacecraft are assumed in advance to follow Bezier curve functions. By optimizing a finite set of unknown coefficients defining the shape of the Bezier curves used to approximate the generic state variables, the boundary constraints and equations of motion are satisfied simultaneously under a timeoptimized performance index. Unlike the thrust vector of a conventional electric thruster, that of an RCDequipped solar sail is constrained. To consider the thrust characteristics of such solar sails, the propulsive acceleration inequality constraints were numerically investigated for an asteroid rendezvous. The simulation results demonstrate that the presented approach is able to design the transfer trajectory of a spacecraft propelled by an RCD-equipped solar sail in about 1% of the time required by the conventional Gauss pseudospectral method with comparable accuracy by considering the actual characteristics of the thrust vector. This allows for quick feasibility assessments of different solar sail spacecraft mission profiles during the preliminary mission design stage.
I. INTRODUCTION
Regardless of whether an indirect or direct optimization method is used to determine spacecraft trajectory, a reasonable initial guess is required to determine the co-state or state variables [1] , [2] . Because both indirect and direct optimization methods typically require considerable computational time, they are not suitable for quick feasibility assessments during the initial stages of mission design, when a large number of flight scenarios must be analyzed [3] . Therefore, a method for quick initial trajectory generation is of considerable significance for preliminary mission analysis and optimization of spacecraft with continuous-thrust propulsion systems [4] , [5] , [6] . Recently, quick trajectory generation techniques have been advanced using shape-based methods [7] , in which the shape of the flight trajectory is assumed in advance to take the form of some specific function.
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The boundary constraints (BCs) and equations of motion (EoMs) are then simultaneously satisfied by computing some of the unknown coefficients in this assumed fixed function.
In 2004, Petropoulos and Longuski [7] first proposed the concept of a shape-based method for quick trajectory generation using an exponential sinusoidal shape to match the starting and finishing positions of a spacecraft. Patel et al. [8] applied a shape-based approach to the trajectory analysis and optimization of a spacecraft. More recently, a pseudo-equinoctial shaping method was introduced by Pascale and Vasile [9] for the initial trajectory design of low-thrust spacecraft using multiple gravity-assist. Wall and Conway [10] proposed an inverse polynomial (IP) method to satisfy the BCs of position and velocity. A hodographic-shaping method was proposed by Gondelach and Noomen [11] for the design of three-dimensional low-thrust interplanetary trajectories. Xie et al. [12] presented a lower-cost shaping method by considering the radial coordinate form of the initial and target orbits. A spherical shaping method, along with discussions on ways to improve upon the solution using tracking control, was presented by Novak and Vasile [13] . Xie et al. [14] presented a composite function shape-based method for the shaping approximation of low-thrust trajectories with large out-of-plane motion. To rapidly design three dimensional low-thrust safe trajectories for spacecraft orbit transfer and rendezvous problems, Zeng et al. [15] proposed a shape-based analytic method. In order to approximate the evolution of pseudo-equinoctial elements for an asteroid rendezvous mission, Peloni et al. [16] introduced a shape-based method using a combination of exponential and sinusoidal terms. Vellutini and Avanzini [17] investigated low-thrust trajectories to cislunar Lagrangian point using shape-based method. Jiang et al. [18] introduced an improving low-thrust trajectory optimization method by adjoint estimation with shape-based path. Bassetto et al. [19] proposed using logarithmic spiral curve to describe the flight trajectory of the solar sail. More recently, Abdelkhalik and Taheri [20] , [21] proposed a flexible method utilizing a finite Fourier series approximation to shape the flight trajectory in a two-dimensional plane. Later, the approximated trajectory was extended from two-dimensional to three-dimensional space [22] , and the propulsive acceleration constraints of lowthrust engines with a thrust-handling feature were considered [23] . Huo et al. [24] applied this finite Fourier series shape-based method to realize quick initial trajectory generation for an electric solar wind sail.
Inspired by this recent research progress, a novel shapebased trajectory design method using a Bezier curve-based shaping approach was proposed in our previous research [25] . In this novel method, the time variations of the position components of the spacecraft are assumed in advance to follow Bezier curve functions [26] . For the rendezvous problem, the BCs can be satisfied concurrently by computing the twelve coefficients in the Bezier curve function. When there are three or fewer Bezier orders of approximation, the shape of the transfer trajectory is determined analytically from the BCs, and there is no unknown coefficient that must be optimized. This characteristic is similar to the radial coordinate form proposed by Xie et al. [12] and the inverse polynomial (IP) method proposed by Wall and Conway [10] . This type of method is suitable for the initial trajectory design of spacecraft propelled by low-thrust ion engines, whose thrust direction can be arbitrary. However, this type of method is not flexible enough to be used in the initial trajectory design of spacecraft with a thrust constraint, such as a spacecraft propelled by a solar sail [27] - [31] , electric solar wind sail [32] - [37] , magnetic sail [38] , [39] , and etc. When there are more than three Bezier orders of coordinate approximation, the shape of the transfer trajectory cannot be determined analytically using only the BCs; there are unknown coefficients that need to be optimized to satisfy certain thrust constraints or to achieve optimal indexes. This property is similar to the Finite Fourier Series (FFS) method proposed by Abdelkhalik and Taheri [20] - [23] . Solar sails equipped with a reflection control device (RCD) were demonstrated to be feasible during the Interplanetary Kite-craft Accelerated by Radiation of the Sun (IKAROS) [40] mission. Since a solar sail with one RCD has one additional control variable than a traditional solar sail, it has attracted increasing attention in recent years. Mimasu et al. [41] investigated the orbit steering control of a spinning solar sail by mounting an RCD on the edge of the sail membrane to generate torque. Aliasi et al. [42] studied the artificial Lagrange points of a solar sail with an RCD. Mu et al. [43] , [44] proposed the use of RCDs for orbit control and attitude-orbit control in the GeoSail Mission. Gong and Li applied solar sails with RCDs in Non-Keplerian orbits, such as the L2 Earth-Moon libration point [45] , Halo orbit [46] , and equilibria near asteroids [47] . The objective of this study was therefore to apply the previously proposed Bezier curve-based shaping approach in [25] to provide an efficient initial design for the three-dimensional interplanetary trajectory of a spacecraft propelled by an RCD-equipped solar sail.
In Section II of this paper, the orbital dynamics of the RCD-equipped solar sail are introduced. In Section III, the presented approach is applied to the fast generation of the minimum-time transfer trajectory of the RCD-equipped solar sail. In Section IV, the soundness of this method is verified by applying the presented approach to a simulated rendezvous mission with the asteroid 3671 Dionysus. Concluding remarks are then summarized in the final section.
II. ORBITAL DYNAMICS OF SOLAR SAILS WITH REFLECTION CONTROL DEVICES A. COORDINATE SYSTEMS
In order to describe the orbital dynamics of this spacecraft, the heliocentric-ecliptic inertial frame o i − x i y i z i and the orbital reference frame o o − x o y o z o are introduced. As shown in Fig. 1 , the origin o i of the heliocentric-ecliptic inertial frame is located at the center-of-mass of the Sun, the x i -axis VOLUME 7, 2019 is defined along the direction of the Sun equinox, the z i -axis is normal to the ecliptic plane in the direction of Sun's north ecliptic pole, and the y i -axis is oriented to form a right-handed system. The origin o o of the orbital reference frame coincides with the center-of-mass of the spacecraft, the z o -axis is along the Sun-spacecraft line, and the y o -axis is perpendicular to the (z o , z i ) plane in the same direction as the spacecraft inertial velocity.
In addition to these coordinate systems, a cylindrical reference frame (ρ, θ , z) is used to describe the position of the spacecraft in the proposed Bezier curve-based shaping approach. In this cylindrical reference frame, the coordinate ρ is the scalar projection of the Sun-spacecraft position vector on the ecliptic plane, coordinate z is along the z i -axis of the heliocentric-ecliptic inertial frame, and coordinate θ is the polar angle, measured counterclockwise.
B. EQUATIONS OF MOTION
Consider a solar sail with a total area A = A 1 + A 2 , where area A 1 absorbs all the sunlight and area A 2 reflects part of the sunlight. In A 2 , the ratio of the reflected sunlight is given by η, where the remaining sunlight (1−η) is absorbed. In this paper, η is the ratio of reflected sunlight to total incident sunlight, and considered adjustable by controlling the input voltage of the electrochromic material of the RCD [42] . As discussed in [46] , [47] , the propulsive acceleration of the solar radiation pressure (SRP) on an RCD-equipped solar sail in o o − x o y o z o can be written as follows:
where r = ρ 2 + z 2 is the distance between the Sun and the spacecraft; r ⊕ 1au is the average Sun-Earth distance; a c is the characteristic acceleration of the solar-sail spacecraft, defined as the maximum value of the propulsive acceleration at a distance r = r ⊕ ; υ = A 1 /A is the ratio of the absorbing area A 1 to the total area; η ∈ [0, 1] is the ratio of reflected sunlight to total sunlight in A 2 ; α ∈ [0, π/2] is the pitch angle measured from the sail normal vector to the Sun-spacecraft line, as seen in Fig. 2 ; the clock angle γ ∈ [0, 2π ] is the angle measured from the x o -axis to the scalar projection of the sail normal vector in the (x o , y o ) plane, as shown in Fig.2 .
Considering the geometric relationship between the cylindrical reference frame and the orbital reference frame in Fig. 1 , the propulsive acceleration of the solar sail described in the cylindrical reference frame is: where a ρ , a θ , a z are the components of the solar sail propulsive acceleration in the cylindrical reference frame, cos ϕ = z/r, and sin ϕ = ρ/r. Consequently, the EoMs of the spacecraft propelled by an RCD-equipped solar sail in the cylindrical reference frame are:ρ
where µ s is the parameter coefficient of the Sun.
III. BEZIER CURVE-BASED TRAJECTORY SHAPING APPROACH A. STATES APPROXIMATION
In the Bezier curve-based trajectory shaping approach proposed in [25] , the approximations of orbital coordinates (ρ, θ, z) are expanded by applying a Bezier curve function as follows:
where 0 ≤ τ = t/T ≤ 1 is the scaled time, T is the total flight time; n ρ , n θ , and n z are the orders of the Bezier curve function for each coordinate; P ρ,j (j ∈ [0, n ρ ]), P θ,j (j ∈ [0, n θ ]), and P z,j (j ∈ [0, n z ]) are the Bezier coefficients; B ρ,j (τ ), B θ,j (τ ), and B z,j (τ ) are the Bezier basis functions for the approximations of state variables, which can be written as:
In a general three-dimensional rendezvous problem, approximations of the orbital coordinates are required to satisfy the following twelve BCs:
where the superscript '·' represents the derivative with respect to time t; the superscript ' ' denotes the derivative with respect to scaled time τ ; and subscripts 'i' and 'f ' respectively indicate the initial and final conditions. To avoid repetition, this paper only presents the processing approach for coordinate ρ; the other two coordinates (θ and z) can be processed in a similar way. According to Eq. (4), the first τ -derivative of the coordinate ρ approximation is:
where B ρ,j (τ ) is the first τ -derivative of the Bezier basis function for the coordinate ρ approximation, and can be obtained according to Eq. (5) as:
Substituting τ = 0 and τ = 1 into Eqs. (5) and (8), we can determine the characteristics of the Bezier basis function at the boundary as:
Considering the approximation functions (Eq. (5) and Eq. (8)) and BCs (Eq. (6)), we can obtain the following coordinate equations:
Consequently, the four Bezier coefficients P ρ,0 , P ρ,1 , P ρ,n ρ −1 , and P ρ,n ρ in the coordinate ρ approximation can be determined by the BCs as follows:
The overall objective of this paper is to use the proposed method find a feasible trajectory that could be tracked by an RCD-equipped solar sail. Thus, it is necessary to evaluate the motion at a selection of discretized points. The Legendre-Gauss (LG) distribution of the discretization points, defined as the roots of the mth-degree Legendre polynomial, is adopted in this paper to this end as follows:
As the scaled-time vectors are expressed as column vectors, their coordinates and associated first and second τ -derivatives can be shown in compact matrix notation form as follows, still taking coordinate ρ as an example:
where [P ρ ] (n ρ +1)×1 = [ P ρ,0 P ρ,1 [X ρ ] T (n ρ −3)×1 P ρ,n ρ −1 P ρ,n ρ ] T are the Bezier coefficients. Note that P ρ,0 , P ρ,1 , P ρ,n ρ −1 , and P ρ,n ρ are the known coefficients determined by the BCs, and [X ρ ] (n ρ −3)×1 = [ P ρ,2 · · · P ρ,n ρ −2 ] T are the unknown coefficients that need to be optimized. Matrices [B ρ ] m×(n ρ +1) , [B ρ ] m×(n ρ +1) , and [B ρ ] m×(n ρ +1) can be calculated by substituting discretization points [τ APP ] m×1 into the coordinate approximations and their τ -derivatives.
Once the orders of Bezier curve functions n ρ , n θ , and n z , and the number of discretization points (m) are given, the coefficient matrices are constant. Therefore, the coefficient matrices can be calculated once and stored, and then used in each iteration of optimization. Since this obviates the need to re-compute the coefficient matrix for each iteration, the computation load is effectively reduced. The coefficient matrices are constructed as:
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If n ρ = n θ = n z = 3, the shape of the flight trajectory can be determined analytically using the twelve BCs, and there is no unknown coefficient that must be optimized. If n ρ > 3, n θ > 3, n z > 3, the shape of the flight trajectory cannot be determined analytically by the BCs because unknown coefficients [X ρ ] (n ρ −3)×1 , [X θ ] (n θ −3)×1 , and [X z ] (n z −3)×1 need to be optimized to satisfy certain thrust constraints and achieve optimal indexes. This is similar to the FFS method proposed by Abdelkhalik and Taheri [20] - [23] . This type of method is sufficiently flexible to be used for a quick trajectory generation of a solar-sail propelled spacecraft. For a fixed transfer time-problem, the coefficient matrices in both the Bezier curve-based shaping and FFS methods are constant matrices when the number of Fourier terms and discretization points are given. Still, for a free transfer time-problem, some of the matrices in the FFS method need to be calculated within each iteration, but this is not required in the proposed Bezier curve method.
Considering the matrix representations of coordinates (ρ, θ, z) and related first and second τ -derivatives, the propulsive acceleration component equations can be obtained in the form of compact matrices, with reference to Eq. (3), based on the principle of inverse dynamics as follows:
B. NONLINEAR OPTIMIZATION PROBLEM
Unlike an electric thruster (i.e., a continuous thrust ion engine), the propulsive acceleration vector of an RCDequipped solar sail is constrained as discussed in [46] and [47] . To accurately account for the thrust characteristics of such a solar sail, the inequality constraints on the thrust direction need to be derived according to the relevant thrust model. To obtain the analytical forms of the control quantities, the acceleration model needs to be appropriately simplified as follows:
where a oz denotes the simplification of a oz , and η, α, γ are control variables in the simplified thrust model. 
Considering the coordinate transformation relationship between the cylindrical reference frame and orbital reference frame expressed in Eq. (2) and the matrix form of the propulsive acceleration components shown in Eq. (15), Eq. (17) can be written as:
where:
Considering η ∈ [0, 1], 2m inequality constraints, [ η] m×1 ≥ 0 and [ η] m×1 ≤ 1, can be obtained. Additionally, because the angle between the thrust direction of the solar sail and the incident direction of the sunlight must be acute, the propulsive acceleration component [ a oz ] m×1 is always greater than zero. In general spacecraft trajectory optimization problems, the optimization performance index is usually defined as the shortest flight time or the least fuel consumption. Considering that a solar sail harnesses solar light pressure to generate continuous thrust without consuming fuel, and assuming that the energy consumed by the spacecraft management system, thermal control system, attitude control system, etc. is completely provided by solar panels, the flight time is usually selected as the performance index to be optimized. By analyzing a finite number of LG discretization points, the continuous trajectory optimization problem can be transformed into the following small-scale nonlinear programming problem (NLP):
where T is the total flight time, and [X ρ ] (n ρ −3)×1 , [X θ ] (n θ −3)×1 , and [X z ] (n z −3)×1 are the unknown Bezier coefficients for each coordinate approximation. For the free-time problem of orbital transfer, a total of n ρ +n θ +n z −8 variables need to be optimized, including the total flight time T and all the unknown Bezier coefficients for each coordinate. The basic idea of the variable initialization technique used to initialize the unknown coefficients is to provide an approximation of the coordinates (ρ, θ, z) at m LG discretization points. Then, the unknown coefficients can be calculated by fitting the considered Bezier curve functions to this set of discrete points, as discussed in detail in [25] .
IV. NUMERICAL RESULTS
To verify the effectiveness of the proposed Bezier curvebased shaping approach in establishing the trajectory of RCD-equipped solar sails, an initial three-dimensional trajectory generation for a rendezvous with the asteroid 3671 Dionysus was conducted. The selected asteroid is a difficult target as it exhibits considerable variations in inclination and eccentricity. Moreover, the applicability of the obtained solutions as direct solutions was evaluated by using them as an initial guess for a Gauss pseudospectral method (GPM) [48] solver. For the initial three-dimensional trajectory design of this simulation using the proposed Bezier approach, the orders of the Bezier curve function and the number of LG discrete points were selected as n ρ = n θ = n z = 16 and m = 40, respectively. The interior point method was then used to solve the small-scale NLP, which was transformed from the Bezier shaping approach. In the GPMbased trajectory optimization, 60 LG points were established and the NLP was then solved using sequential quadratic programming. Both the interior point method and the sequential quadratic programming method were implemented using the MATLAB fmincon function. Additionally, the ratio υ = A 1 /A was assumed to be zero in this simulation, meaning that there is no uncontrollable material in the solar sail that absorbs all the sunlight. All simulations were conducted on a personal computer with a 2.2 GHz Intel Core i5-5200U CPU and 8.00 GB of RAM.
A. EARTH-DIONYSUS TRANSFER WITH FIXED MAXIMUM ACCELERATION
Assuming a spacecraft propelled by a solar sail with a characteristic acceleration of a c = 1mm/s 2 is launched on 20 March 2024 (also selected using the optimization procedure), the initial Earth-Dionysus trajectory generated using the presented Bezier approach and optimized trajectory obtained by the GPM are shown in Figure 3 . In this mission scenario, the total transfer time obtained using the Bezier approach was 1078.610 days whereas that obtained using the GPM was 1071.111 days, constituting a minor difference of approximately 0.7%. More notably, however, the computational time required to generate the initial trajectory using the Bezier approach was 80.514 s, just ∼1.00% of that required to generate and optimize the trajectory using the GPM (8027.740 s).
The three components of the solar-sail spacecraft position and velocity vectors (in o i − x i y i z i ) obtained using the Bezier approach and GPM are shown in Figures 4 and 5 . It can be observed that the position vectors and velocity vectors generated by both the Bezier approach and GPM are able to meet the BCs quite well, indicating that the spacecraft successfully entered the sphere of influence for Dionysus at a low relative velocity.
Noted that control variables (η, α, γ ) were calculated using η, α, γ by the following optimization procedure: the propulsive acceleration [a ox , a oy , a oz ] T can be calculated by using η, α, γ according to Eq. (16), in which a oz is forced to equal the simplified acceleration component a oz . Then, the control variables (η, α, γ ) can be obtained according Figure 6 . It is notable that thrust component a oz is always greater than zero. The time histories of the reflection ratio η and thrust angles (α, γ ) are illustrated in Figure 7 . The time histories of the control angles obtained using the Bezier approach and the GPM are both smooth and continuous, which is of considerable benefit to the solar VOLUME 7, 2019 sail attitude tracking control. All of the inequality constraints on the thrust of the RCD-equipped solar sail described in Eq. (19) are satisfied.
B. EARTH-DIONYSUS TRANSFERS WITH DIFFERENT MAXIMUM ACCELERATIONS
The optimal transfer times and computational times for Earth-Dionysus scenario are summarized in Table 1 , when the characteristic acceleration of a solar sail varies in the range a c ∈ [0.6, 1.0]mm/s 2 . Simulation results show that the optimal transfer time increases with decreasing a c , and the average difference between the optimal flight times obtained by Bezier approach and GPM is only approximately 0.82%. However, the average computational time used to generate the initial trajectory by using Bezier approach is approximately 1.14% of the average computational time used to further optimize the trajectory by using GPM.
V. CONCLUSION
The rapid generation of a minimum-time, three-dimensional trajectory for a spacecraft propelled by a solar sail equipped with an RCD using the previously proposed Bezier curvebased shaping approach is demonstrated in this paper. In this shaping approach, the time variation of the spacecraft position components are assumed in advance to follow Bezier curve functions. To accurately consider the features of the thrust produced by an RCD-equipped solar sail, the inequality constraints on propulsive acceleration were studied. To verify the effectiveness of the Bezier curve-based shaping approach in application to the trajectory of spacecraft propelled by RCD-equipped solar sails, an initial three-dimensional trajectory design for a rendezvous with the asteroid 3671 Dionysus was performed. The numerical simulation shows that the Bezier approach can be used to quickly generate a reasonable three-dimensional initial trajectory for the solar sail-propelled spacecraft. Importantly, all of the inequality thrust constraints of the RCD-equipped solar sail were satisfied. The objective function produced by the Bezier curve-based shaping approach differs from the objective function produced by the GPM by only about 0.8%, but takes merely ∼1% of the time to generate, representing a considerable savings in computational time and resources, which is of particular benefit during preliminary mission design stages. In addition, it is noteworthy that the results obtained by Bezier shaping approach are infinitely continuous described by functions of time, while those obtained by GPM are finite discrete points.
